Copula modelling is useful and popular in many areas of statistics like finance, hydrology, drought study, etc. Construction of new copula can be based on Rüschendorf method and in this study, we consctruct a new copula based on a function which consists of the component of exponential functions. We prove that this new copula satisfies all necessary properties of a copula. We have also studied some dependence properties of the newly constructed copula, namely, the Kendall's τ , Spearman's ρ and tail dependence.
Introduction
A bivariate copula is a joint cumulative distribution whose marginal distributions are uniform on the interval [0, 1] . Copula modelling has become more popular in recent times as it can model multivariate distributions without having to worry about the dependence structures of the variables. This has led to vast applications in various fields, for instance, the fields of insurance and finance [4] , geostatistics [7] , hydrology [17] as well as studies related to droughts ( [12] , [16] , [18] ) and floods ( [5] , [13] ). Many different methods of constructing copulas have been proposed over time like the construction of copulas with given diagonal sections [2] , construction of semilinear copulas [3] , the construction of copulas with given diagonal and opposite diagonal sections [1] and the generation of the sine copula from univariate distributions [8] .
Although there exists many methods of constructing copulas, Rüschendorf [10] has developed a general method of constructing multivariate distributions with uniform marginals. The Rüschendorf method generally involves choosing an arbitrary bivariate function which is integrable on a unit square. Given the usefulness of Rüschendorf method and the versatility of being able to select the arbitrary functions to construct new copulas motivated us to concentrate on the construction of the a copula based on Rüschendorf method by selecting an appropriate arbitrary bivariate function. Since the choice of the arbitrary function is sometimes dictated by the purpose for which the copula is constructed for and extreme value copulas contain a component of exponential functions, it is our choice in choosing this arbitrary function to be,
A bivariate function C(u, v) that maps [0, 1] 2 to [0, 1] is a copula if it satisfies the following two conditions [9] .
(ii) 2-increasing property:
Note that if C(u, v) is twice differentiable, then the 2-increasing property is equivalent to
Sklar [14] developed copula functions which are able to join two univariate marginal functions that are uniformly distributed on [0, 1] to form bivariate functions.
Sklar's theorem states that if F X,Y is a joint distribution with marginal distributions given by F X and F Y , then there exists a copula C such that
If f x , f y and c are the density functions of F X , F Y and C respectively, then
∂u∂v Some examples of bivariate copulas are given in Table 1 . For a more comprehensive study of copulas, see [9] .
Construction of a New Bivariate Copula
In this section, we will briefly outline the Rüschendorf method of constructing copulas in Section 2.1 and show the method of construction of the new copula in Section 2.2.
The Rüschendorf Method
Rüschendorf [10] provided a general method of constructing copulas which is described as follows.
Suppose f 1 (x, y) has integral zero on the unit square and its two marginals integrate to zero, i.e., 
is the density of a copula. However, there is a constraint that the expression 1 + f 1 (x, y) is non-negative. If it is not the case, but f 1 (x, y) is bounded, then we can find a constant, θ such that 1 + f 1 (x, y) is positive. The functionf 1 (x, y) can be constructed using the following steps:
Step 1: Choose an arbitrary real integrable function f (x, y) on the unit square and compute:
Step 2: Then, 
Method of Construction of a New Bivariate Copula
The construction of a new bivariate copula using Rüschendorf method would involve choosing an arbitrary bivariate function that satisfies the properties given in Section 2.1. The construction of the copula consists of the following steps.
Step 1: We choose the function f (x, y) = xye −x e −y where x, y ∈ [0, 1] since extreme value copulas contain a component of the exponential function. We then compute f 1 (x), f 2 (y) and A as follows.
Step 2:
which when factorised is
It is important to check that the double integral of function (4) on the unit square equals to zero and this can be proved by showing either
Since,
clearly the integral
, and we shall show in Proposition 2.1 that g(x, y) is the density of a copula.
is the density of a copula.
Proof: In order to prove that g(x, y) is the density of a copula, it is sufficient to show that g(x, y) > 0. First, we find the first and second order partial derivatives of g(x, y) and they are
g yy (x, y) = θ xe −x − (1 − 2 e e −y (y − 2) and (9)
Then we equate expressions (6) and (7) with zero to find the critical points and they are found to be (1, 1) and (0.3904, 0.3904) In order to determine the nature of the critical points found, we make use of the value of D which is given by
The point (1, 1) turns out to be a local extremum as D(1, 1) > 0 while (0, 3904, 0.3904) is a saddle point as D(0, 3904, 0.3904) < 0. We then find the critical values at these critical points and both g(1, 1) and g(0, 3904, 0.3904) are positive.
Further, we find all the boundary points where the absolute extrema can occur by considering the four planes, x = 0, y = 0, x = 1 and y = 1 as follows:
When x = 0,
, and
The extreme value of u(y) occurs at y = 1 when expression (11) equals zero and g(0, 1) > 0. Similarly, when y = 0, the critical point is (1, 0) and g(1, 0) > 0. Finally, when x = 1 and y = 1, the critical point of g(1, y) and g(x, 1) is the same, i.e., the point (1, 1) . Again, the value of g(1, 1) > 0.
Since g(x, y) > 0, θ ∈ [−1, 1], when evaluated at all the critical points and boundary points, hence, we have shown that
Having established that g(x, y) is the density of a copula, we are now in the position to construct the new copula.
The New Copula
To construct the new copula, we need to obtain the double integral of g(x, y), namely,
Therefore, our new copula is It is important to check that the newly constructed copula given by (12) satisfies the basic properties of the bivariate copulas, namely the boundary conditions and the 2-increasing property given in Section 1. The calculations below show that the new copula given by (12) satisfies the boundary conditions (2) .
To verify that the new copula satisfies the 2-increasing property we shall show that
≥ 0 [15] . Differentiating C(u, v) with respect to u and v, we obtain
Since
given by (13) is the density of a copula, clearly it is non-negative. Hence, the new copula given by (12) satisfies the 2-increasing property.
Dependence Properties of the New Copula
In this section, we present the Kendall's τ , Spearman's ρ and tail dependence properties of the new copula given in (12) . The Kendall's τ and Spearman's ρ when expressed in terms of copulas [11] are given by equations (14) and (16) respectively. The expressions are
or equivalently as given in [14] ,
and ρ = 12
or equivalently,
In Proposition 4.1, an explicit expression of Kendall's τ is given.
Proposition 4.1 Given θ ∈ [−1, 1] as the copula parameter, the Kendall's τ is given by
where e is the irrational number 2.718281....
Proof:
To compute τ , we use equation (15) . The partial derivatives of the new copula in (12) are given by
Hence,
Using equation (15) 
In the next proposition, we give an expression of the Spearman's ρ.
Proposition 4.2 Let θ ∈ [−1, 1] be the copula parameter, the Spearman's ρ is given by
We use equation (17) 
and that completes the proof.
The bivariate tail dependence consists of upper tail dependence and lower tail dependence where the tail dependence parameter is represented by λ. A formal definition of tail dependence given by [6] which is as follows. 
exists, then C(u, v) has an upper tail dependence if λ U ∈ (0, 1] and no upper tail dependence if λ U = 0. Similarly if
exists, then C(u, v) has a lower tail dependence if λ L ∈ (0, 1] and no lower tail dependence if λ L = 0.
Proposition 4.4
The new copula as defined in equation (12) does not exhibit any tail dependence, i.e., λ U = λ L = 0.
Proof:
Using L'Hôpital's rule, we evaluate that Since λ U = λ L = 0 for θ ∈ [−1, 1], it has been shown that the new copula has neither upper tail dependence nor lower tail dependence.
Conclusion
Many new copulas have been constructed over time like the copulas with diagonal sections, semilinear copulas, semiquadratic copulas, sine copulas, etc. In this paper, we have constructed a new bivariate copula based on the Rüschendorf method by choosing an arbitrary bivariate function that consists of a component with exponential functions. We have also studied some dependence properties of the newly constructed copula like the Kendall's τ , Spearman's ρ and the tail dependence. Although this new copula is somewhat simpler in its construction compared to many other copulas found in the literature, the usefulness of this research is that it adds to the repertoire of the copulas in the literature. It is hoped that practitioners may find applications for this newly constructed copula useful in modelling real data sets. In the meantime, the authors are currently working with some real data sets using this new copula and the results will be reported in a future paper.
